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Abstract
In this paper, the pointwise multipliers M(Dτ ,Qp) and M(Dτ ,Qp,0) are characterized in the unit ball of Cn for the values of
τ,p in the three cases: (i) τ < n, n−1n < p  1, (ii) τ = n, n−1n < p  1, and (iii) τ > n, n−1n < p  1. In particular, the multiplier
spaces M(Dτ ,BMOA) and M(Dτ ,VMOA) are discussed correspondingly for all τ , and the sharp embeddings of M(Dn,BMOA)
and M(Dn,VMOA) in α-Bloch spaces are shown, respectively.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let B = {z ∈ Cn: |z| < 1} be the unit ball of Cn (n > 1); S = {z ∈ Cn: |z| = 1} be its boundary and D be the
unit disk of complex plane. dυ denotes the normalized Lebesgue measure of B , i.e. υ(B) = 1, and dσ denotes the
normalized rotation invariant Lebesgue measure of S satisfying σ(S) = 1. Let dλ(z) = (1 − |z|2)−n−1 dυ(z), then
dλ(z) is automorphism invariant, that is for any ψ ∈ Aut(B), f ∈ L1(B), we have∫
B
f (z) dλ(z) =
∫
B
f ◦ψ(z)dλ(z),
where Aut(B) is the group of biholomorphic automorphisms of B .
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R. Peng, C. Ouyang / J. Math. Anal. Appl. 338 (2008) 1448–1457 1449We denote by H(B) the class of all holomorphic functions in B . For f ∈ H(B), z ∈ B , its complex gradient and
invariant gradient are defined as
∇f (z) = ∇zf =
(
∂f
∂z1
(z), . . . ,
∂f
∂zn
(z)
)
, ∇˜f (z) = ∇(f ◦ ϕz)(0),
where ϕz is the Möbius transformation for z ∈ B , which satisfies ϕz(0) = z, ϕz(z) = 0 and ϕz ◦ ϕz = I , and its radial
derivative Rf (z) = 〈∇f (z), z¯〉 =∑nj=1 ∂f∂zj (z)zj . When m ∈ N, Rmf (z) = R(Rm−1f )(z) denotes the higher radial
derivative with order m.
Let f be in H(B) with Taylor expansion f (z) =∑α0 aαzα . f is said to be in Dirichlet type space Dτ (τ ∈ R)
provided that
‖f ‖2Dτ =
∑
α0
(|α| + n)τωα|aα|2 < ∞.
Here ωα =
∫
S
|ξα|2 dσ(ξ) = (n−1)!α!
(n+|α|−1)! (see [4]). By Stiring’s formula, it is easy to see that the norm ‖f ‖2Dτ is equiv-
alent to
|a0|2 +
∑
α 
=0
|α|τ+1−n α!|α|! |aα|
2.
In Proposition 3.1 of [6], an integral expression of Dirichlet type spaces is given by
f (z) ∈ Dτ ⇔
∫
B
∣∣Rmf (z)∣∣2(1 − |z|2)2m−τ−1 dv(z) < ∞
where τ < 2m and m ∈ N. We can also regard the above integral as the seminorm of Dirichlet type spaces, which is
equivalent to the seminorm
‖f ‖2σ =
∫
B
∣∣(1 − |z|2)t+σRtf (z)∣∣2 dλ(z)
where 2σ + τ = n and t ∈ R so that 2(t + σ) > n, as Rmf = Rtf the fractional radial derivatives (see [21] for the
definition of Rtf , in several versions).
For 0 < α < ∞, we say f ∈ H(B) is an α-Bloch function if
‖f ‖βα = sup
z∈B
∣∣∇f (z)∣∣(1 − |z|2)α < ∞.
The collection of α-Bloch functions is denoted by βα and β1 is the usual Bloch space. Correspondingly, f is a little
α-Bloch function, denoted as f ∈ βα0 if lim|z|→1|∇f (z)|(1 − |z|2)α = 0.
Based on [9], the so-called Qp and Qp,0 spaces in [10] are defined as
Qp =
{
f ∈ H(B): sup
a∈B
∫
B
∣∣∇˜f (z)∣∣2Gp(z, a) dλ(z) < ∞},
Qp,0 =
{
f ∈ H(B): lim|a|→1
∫
B
∣∣∇˜f (z)∣∣2Gp(z, a) dλ(z) = 0},
for 0 <p < ∞, where G(z, a) = g(ϕa(z)) and
g(z) = n+ 1
2n
1∫
|z|
(
1 − t2)n−1t−2n+1 dt.
About Qp and Qp,0, the following properties are proved in [10]:
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n
or p  n
n−1 , Qp (Qp,0) are trivial, i.e. they contain only the constant functions. When n−1n <
p < n
n−1 , Qp (Qp,0) are nontrivial.(ii) Qp1 ⊆ Qp2 (Qp1,0 ⊆ Qp2,0) for 0 <p1  p2  1.
(iii) Q1 = BMOA (Q1,0 = VMOA).
(iv) Qp = Bloch space (Qp,0 = little Bloch space), and ‖ · ‖Qp is equivalent to ‖ · ‖β for 1 <p < nn−1 .
For more information on Qp spaces and their relations with the Dirichlet type spaces etc. in the setting of one
complex variable, readers are referred to [15] and [16], in which Qp spaces are characterized in analytic and geometric
way by complex analysis, conformal mappings, harmonic analysis, potential theory, functional analysis, and operator
theory.
Let X,Y be two spaces of holomorphic functions in the unit ball B of Cn. We call ϕ a pointwise multiplier from X
to Y if ϕf ∈ Y for all f ∈ X. The collection of all pointwise multipliers from X to Y is denoted by M(X,Y ). When
X = Y , the set M(X,Y ) is denoted simply by M(X).
As to the pointwise multipliers of Dirichlet type spaces, in the case of one complex variable, various authors gave
their characterizations, see [5,13,14]. In the case of several complex variables, such question in the unit ball was
studied for Besov–Sobolev spaces in [1–3] and for Dirichlet type spaces in [4] etc. And the multipliers of BMO in the
Bergman metric on bounded symmetric domains were characterized in [20].
We know that spaces Qp unify two kinds of important function spaces Bloch space and BMOA space in the scale
of p. In [17], the multipliers on Qp spaces are studied in the unit disk. For the setting of the unit ball of Cn, it is obvious
that ϕ ∈ M(Dτ ,Qp) if and only if ϕ ≡ 0 for 0 <p  n−1n or p  nn−1 ; the results about M(Dτ ,Qp) for 1 <p < nn−1 ,
i.e. M(Dτ ,Bloch) are obtained in [19]. At present, we have no found the study of M(Dτ ,Qp) for n−1n < p  1. This
paper is devoted to characterize M(Dτ ,Qp) and M(Dτ ,Qp,0) in the three cases: (i) τ < n, n−1n < p  1, (ii) τ = n,
n−1
n
< p  1, and (iii) τ > n, n−1
n
< p  1. In particular, the multiplier spaces M(Dτ ,BMOA) and M(Dτ ,VMOA)
are discussed correspondingly for all τ , and the sharp embeddings of M(Dn,BMOA) and M(Dn,VMOA) in α-Bloch
spaces are shown, respectively. However, in the interesting case (ii) we only give strict and best possible inclusion
relations between M(Dn,Qp) and α-Bloch spaces. We note that the characterizations of Carleson measure for Besov–
Sobolev spaces Apqs (i.e. Dτ , 0 < τ  n, and Hardy–Sobolev spaces H 2α when p = 2, 0 < α = s − q2  n2 ) are given
in [3]. And the multipliers on analytic Besov spaces Bp (i.e.Dn when p = 2) and on Besov–Sobolev spaces Bσ2 ,
0 σ  12 (i.e. Dτ , n− 1 τ  n) are characterized by means of Bp-Carleson measure (see Theorem 19 of [1]) and
Bσ2 -Carleson measure (see Theorem 2 of [2]), respectively. Refering to the above mentioned literature, in order to get
a full characterization of M(Dn,Qp) maybe some new tools and techniques would need to be employed.
Throughout this paper, C, M denote positive constants which may depend on f , but they are finite quantities for a
fixed f , and are not necessarily the same at each appearance. The expression A ≈ B means that there exists a positive
C such that C−1B  A  CB . That we say an inclusion between two spaces is best possible means its parameter
relation cannot be improved in a sense.
2. Characterizations of M(Dτ,Qp,0)
Theorem 2.1. If τ < n, then ϕ ∈ M(Dτ ,Qp,0) if and only if ϕ ≡ 0 for n−1n < p  1.
Proof. It follows from Theorem 3.1 in the next section, since Qp,0 ⊂ Qp by Proposition 4.3 of [10] and
M(Dτ ,Qp,0) ⊂ M(Dτ ,Qp). 
Theorem 2.2.
(i) β1− n(1−q)2 ⊂ M(Dn,Qp,0) for ∀n−1n < q < p  1.(ii) This inclusion is strict.
(iii) This inclusion is best possible.
Proof. (i) By Theorem 5.1 of [8], we know Dn ⊂⋂ n−1
n
<p1 Qp,0. Consequently, we can get β
1− n(1−q)2 ⊂ M(Qp,0) ⊆
M(Dn,Qp,0) for ∀n−1 < q < p  1 from Theorem 3.1 of [11].n
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To prove this inclusion is strict, we need to find f (z) ∈ M(Dn,Qp,0) but f (z) /∈ β1− n(1−q)2 . Let
f (z) =
∞∑
k=1
k
2k
n−nq
2
z2
k
1 = g(z1).
It is clear that the expansion of f (z) has Hadamard gaps and
lim
k→∞ sup
k
2k
n−nq
2
(
2k
) n−nq
2 = lim
k→∞ k = ∞.
By Theorem 1(i) of [18], we have
sup
z∈B
∣∣∇f (z)∣∣(1 − |z|2)1− n(1−q)2 = sup
z∈B
∣∣g′(z1)∣∣(1 − |z|2)1− n(1−q)2
 sup
|z1|<1
z2=···=zn=0
∣∣g′(z1)∣∣(1 − |z1|2)1− n(1−q)2
= ∞,
which means f (z) /∈ β1− n(1−q)2 .
On the other hand, for q < p  1
lim
k→∞ sup
k
2k
n−nq
2
(
2k
) n−n q+p2
2 = lim
k→∞ k
(
2k
) n(q−p)
4 = 0 < ∞,
and
sup
z∈B
∣∣∇f (z)∣∣(1 − |z|2)1− n−n q+p22 = sup
z∈B
∣∣g′(z1)∣∣(1 − |z|2)1− n−n
q+p
2
2
 sup
z1∈D
∣∣g′(z1)∣∣(1 − |z1|2)1− n−n
q+p
2
2 .
Using Theorem 1(i) of [18], we get f (z) ∈ β1− n−n
q+p
2
2
. By (i), we know β1−
n−n q+p2
2 ⊆ M(Dn,Qp,0) for arbitrary
n−1
n
< q < p  1. Thus f (z) ∈ M(Dn,Qp,0). So the inclusion β1− n(1−q)2 ⊂ M(Dn,Qp,0) is strict.
(iii) Best possibility.
By Lemma 2.1 of [11], we know the inclusion β1− n(1−q)2 ⊂ Qp is best possible in the sense that q cannot be equal
to p. However, since the constant function f (z) ≡ 1 is in Dτ for any τ ∈ R, we can see M(Dn,Qp,0) ⊆ Qp,0 ⊂ Qp ,
and so the inclusion β1−
n(1−q)
2 ⊂ M(Dn,Qp,0) is best possible in the same sense. 
Corollary 2.1.
(i) βα(<1) ⊂ M(Dn,VMOA) ⊂ β1.
(ii) These inclusions are strict.
(iii) These inclusions are best possible.
Taking p = 1 in Theorem 2.2, we see that the inclusion βα(<1) ⊂ M(Dn,Q1,0) is strict and best possible. Since
M(Dn,Q1,0) ⊆ Q1,0 ⊂ Q1 ⊂ β1 and the inclusion Q1 ⊂ β1 (i.e. BMOA ⊂ Bloch space) is strict, so the inclusion
M(Dn,Q1,0) ⊂ β1 is strict. From the fact that the inclusion βα(<1) ⊂ M(Dn,Q1,0) is strict, we can deduce the inclu-
sion M(Dn,Q1,0) ⊂ β1 is best possible in the sense that β1 cannot be changed to smaller βα(<1). By Theorem 4.9(iii)
of [10], we know Q1,0 = VMOA. To sum up, these inclusions βα(<1) ⊂ M(Dn,VMOA) ⊂ β1 are strict and best pos-
sible.
This corollary shows the exact location of the multiplier M(Dn,VMOA) in α-Bloch spaces.
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B
∣∣Rmf (z)∣∣2(1 − |z|2)2m−1−τ+ τ−n2 (1 − ∣∣ϕa(z)∣∣2)np dv(z)
 C
(∫
B
∣∣Rm+1f (z)∣∣2(1 − |z|2)2(m+1)−1−τ+ τ−n2 (1 − ∣∣ϕa(z)∣∣2)np dv(z)
+ ∣∣Rmf (0)∣∣2(1 − |a|2)np + ‖f ‖Dτ (1 − |a|2) τ−n2
)
.
Proof. By Lemma 3.1 of [8], we know for g ∈ H(B)∫
B
∣∣g(z)∣∣2(1 − |z|2)α dv(z)M(∣∣g(0)∣∣2 + ∫
B
∣∣Rg(z)∣∣2(1 − |z|2)α+2 dv(z)), (2.1)
where α > −1. In (2.1), replace g(z) and α by Rmf (z)
(1−〈z,a〉)np and 2m + np − 1 − τ + τ−n2 (> 2m − 3) respectively, and
multiply both sides by (1 − |a|2)np , then∫
B
∣∣Rmf (z)∣∣2(1 − |z|2)2m−1−τ+ τ−n2 (1 − ∣∣ϕa(z)∣∣2)np dv(z)
M
∫
B
∣∣∣∣R
(
Rmf (z)
(1 − 〈z, a〉)np
)∣∣∣∣2(1 − |z|2)2m+np+1−τ+ τ−n2 (1 − |a|2)np dv(z)
+M∣∣Rmf (0)∣∣2(1 − |a|2)np. (2.2)
Noting that R〈z, a〉 = 〈z, a〉, we have
R
(
Rmf (z)
(1 − 〈z, a〉)np
)
= R
m+1f (z)(1 − 〈z, a〉)np + np〈z, a〉Rmf (z)(1 − 〈z, a〉)np−1
(1 − 〈z, a〉)2np .
Therefore∣∣∣∣R
(
Rmf (z)
(1 − 〈z, a〉)np
)∣∣∣∣2  2
( |Rm+1f (z)|2
|1 − 〈z, a〉|2np +
n2p2|〈z, a〉|2|Rmf (z)|2
|1 − 〈z, a〉|2np+2
)
.
Thus (2.2) becomes∫
B
∣∣Rmf (z)∣∣2(1 − |z|2)2m−1−τ+ τ−n2 (1 − ∣∣ϕa(z)∣∣2)np dv(z)
 C
∫
B
∣∣Rm+1f (z)∣∣2(1 − |z|2)2(m+1)−1−τ+ τ−n2 (1 − ∣∣ϕa(z)∣∣2)np dv(z)
+C
∫
B
|Rmf (z)|2
|1 − 〈z, a〉|2np+2
(
1 − |z|2)2m+np+1−τ+ τ−n2 (1 − |a|2)np dv(z)+M∣∣Rmf (0)∣∣2(1 − |a|2)np
= I11 + I12 + I13. (2.3)
Using Theorem 4.2 of [6], if f ∈ Dτ and τ < n + 2, then f ∈ β1+ n−τ2 , and so supz∈B |Rmf (z)|(1 − |z|2)m+
n−τ
2 
C‖f ‖Dτ by Proposition 2.1 of [7]. Thus
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z∈B
∣∣Rmf (z)∣∣2(1 − |z|2)2m+n−τ ∫
B
(1 − |z|2)np+1−n+ τ−n2 (1 − |a|2)np
|1 − 〈z, a〉|2np+2 dv(z)
 C‖f ‖Dτ
(
1 − |a|2)np ∫
B
(1 − |z|2)np+1−n+ τ−n2
|1 − 〈z, a〉|(np+1−n+ τ−n2 )+(n+1)+(np− τ−n2 )
dv(z)
 C‖f ‖Dτ
(
1 − |a|2)np(1 − |a|2)−np+ τ−n2 = C‖f ‖Dτ (1 − |a|2) τ−n2 . (2.4)
Here Proposition 1.4.10 in [12] is used, since np+1−n+ τ−n2 > τ−n2 > 0 and np− τ−n2 > n−1− n+2−n2 = n−2 0.
Thus, by (2.3) and (2.4), we obtain∫
B
∣∣Rmf (z)∣∣2(1 − |z|2)2m−1−τ+ τ−n2 (1 − ∣∣ϕa(z)∣∣2)np dv(z)
 C
(∫
B
∣∣Rm+1f (z)∣∣2(1 − |z|2)2(m+1)−1−τ+ τ−n2 (1 − ∣∣ϕa(z)∣∣2)np dv(z)
+ ∣∣Rmf (0)∣∣2(1 − |a|2)np + ‖f ‖Dτ (1 − |a|2) τ−n2
)
. 
Theorem 2.3. M(Dτ ,Qp,0) = Qp,0 for τ > n and n−1n < p  1.
Proof. It is clear that M(Dτ ,Qp,0) ⊆ Qp,0, since the constant function f (z) ≡ 1 is in Dτ for any τ ∈ R.
Next to prove Qp,0 ⊆ M(Dτ ,Qp,0) for τ > n and n−1n < p  1, i.e. for every ϕ ∈ Qp,0, we need to prove
ϕf ∈ Qp,0 for all f ∈ Dτ .
(1) n < τ < n+ 2.
lim|a|→1
∫
B
∣∣R(ϕf )(z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z)
= lim|a|→1
∫
B
∣∣(fRϕ + ϕRf )(z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z)
 2 lim|a|→1
∫
B
∣∣f (z)∣∣2∣∣Rϕ(z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z)
+ 2 lim|a|→1
∫
B
∣∣ϕ(z)∣∣2∣∣Rf (z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z)
= I1 + I2.
At first we consider I1.
If f ∈ Dτ and τ > n, then |f (z)|  C by Lemma 2.4 of [19] when 12 < |z| < 1. When |z|  12 , we have also|f (z)|C. Thus
I1 C lim|a|→1
∫
B
∣∣Rϕ(z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z).
Since ϕ ∈ Qp,0, by Theorem 3.1 of [8], we get I1 = 0.
We come to consider I2. Since ϕ ∈ Qp,0 ⊂ Qp , by Lemma 2.2 of [11], we get
I2  C lim|a|→1
∫ (
C +C log 1
1 − |z|2
)2∣∣Rf (z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z)B
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∫
B
∣∣Rf (z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z)
+C lim|a|→1
∫
B
log2
1
1 − |z|2
∣∣Rf (z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z)
= I21 + I22.
We observe I22.
I22  C sup
z∈B
(
1 − |z|2)ε log2 1
1 − |z|2 lim|a|→1
∫
B
∣∣Rf (z)∣∣2(1 − |z|2)1−n−ε(1 − ∣∣ϕa(z)∣∣2)np dv(z),
where ε = τ−n2 > 0.
It is clear that supz∈B (1 − |z|2)ε log2 11−|z|2  C < ∞. Thus
I22  C lim|a|→1
∫
B
∣∣Rf (z)∣∣2(1 − |z|2)1−n− τ−n2 (1 − ∣∣ϕa(z)∣∣2)np dv(z)
= C lim|a|→1
∫
B
∣∣Rf (z)∣∣2(1 − |z|2)2×1−1−τ+ τ−n2 (1 − ∣∣ϕa(z)∣∣2)np dv(z)
 C lim|a|→1
(∫
B
∣∣R2f (z)∣∣2(1 − |z|2)2×2−1−τ+ τ−n2 (1 − ∣∣ϕa(z)∣∣2)np dv(z)
+ ∣∣Rf (0)∣∣2(1 − |a|2)np + ‖f ‖Dτ (1 − |a|2) τ−n2
)
. (2.5)
Here Lemma 2.1 is applied. Repeating the above step for m−2 times from the end of (2.5) until 2m> τ by Lemma 2.1.
At last it leads to
I22  C lim|a|→1
∫
B
∣∣Rmf (z)∣∣2(1 − |z|2)2m−1−τ+ τ−n2 (1 − ∣∣ϕa(z)∣∣2)np dv(z)
= C lim|a|→1
∫
B
∣∣Rmf (z)∣∣2(1 − |z|2)2m−1−τ+np+ τ−n2 ( 1 − |a|2|1 − 〈z, a〉|2
)np
dv(z). (2.6)
Note that
(1 − |z|2)np+ τ−n2 (1 − |a|2)np
|1 − 〈z, a〉|2np C
(1 − |z|)np+ τ−n2 (1 − |a|)np
|1 − 〈z, a〉|2np = C
(1 − |z|)np+ τ−n2 (1 − |a|)np
|1 − 〈z, a〉|np+ τ−n2 |1 − 〈z, a〉|np− τ−n2
C (1 − |z|)
np+ τ−n2 (1 − |a|)np
(1 − |z|)np+ τ−n2 (1 − |a|)np− τ−n2
= C(1 − |a|) τ−n2 .
Since f ∈ Dτ , (2.6) becomes
I22  C lim|a|→1
(
1 − |a|) τ−n2 ∫
B
∣∣Rmf (z)∣∣2(1 − |z|2)2m−1−τ dv(z)
 C lim|a|→1
(
1 − |a|) τ−n2
= 0
by Proposition 3.1 of [6]. Therefore I22 = 0. Similarly, we can prove I21 = 0. So I2 = 0. To sum up, we have
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∫
B
∣∣R(ϕf )(z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z) = 0.
By Theorem 3.1 of [8], we get ϕf ∈ Qp,0. Thus M(Dτ ,Qp,0) = Qp,0 for n < τ < n+ 2 and n−1n < p  1.(2) τ  n+ 2.
Since Dτn+2 ⊆ Dn<τ<n+2, we can obtain Qp,0 = M(Dn<τ<n+2,Qp,0) ⊆ M(Dτn+2,Qp,0) ⊆ Qp,0 by (1). So
M(Dτ ,Qp,0) = Qp,0 for τ  n+ 2 and n−1n < p  1.
Combining (1) with (2), we have M(Dτ ,Qp,0) = Qp,0 for any n−1n < p  1 when τ > n. 
Corollary 2.2. M(Dτ ,VMOA) = VMOA for τ > n.
Taking p = 1 in Theorem 2.3, Corollary 2.2 is deduced since Q1,0 = VMOA.
3. Characterizations of M(Dτ,Qp)
Lemma 3.1. (See Lemma 2.3 of [19].) Let σ  0, w ∈ B , |w| > 12
gσ,w(z) =
∑
|α|>0
|α|σ+|α|− 12
α!e|α| w¯
αzα.
Then
‖gσ,w‖Dτ ≈ O(1), 2σ + τ − n < 0, (3.1)
and
gσ,w(w) ≈
(
1 − |w|2)−σ , σ > 0. (3.2)
Theorem 3.1. If τ < n, then ϕ ∈ M(Dτ ,Qp) if and only if ϕ ≡ 0 for n−1n < p  1.
Proof. Let ϕ ∈ M(Dτ ,Qp). Given τ < n, we can find σ so that 0 < σ < n−τ2 . Since Mϕ :f → ϕf is the linear
operator from Dτ to Qp . By the closed graph theorem and (3.1), we get
‖ϕgσ,w‖Qp  ‖Mϕ‖‖gσ,w‖Dτ  C.
Using Lemma 2.2 of [11], we have∣∣ϕ(z)gσ,w(z)∣∣ C +C log 11 − |z|2 .
Let z = w, by (3.2)∣∣ϕ(w)∣∣C(1 − |w|2)σ +C(1 − |w|2)σ log 1
1 − |w|2 .
Hence, |ϕ(w)| → 0 as |w| → 1. By the maximum modulus principle, we have ϕ ≡ 0. 
In the following, we only give the outline for the proof of some results corresponding to Section 2, since a few
minor adjustments are made to them.
Theorem 3.2.
(i) β1− n(1−q)2 ⊂ M(Dn,Qp) for ∀n−1n < q < p  1.(ii) This inclusion is strict.
(iii) This inclusion is best possible.
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for (iii) is analogous to the proof of Theorem 2.2(iii). 
Corollary 3.1.
(i) βα(<1) ⊂ M(Dn,BMOA) ⊂ β1.
(ii) These inclusions are strict.
(iii) These inclusions are best possible.
Taking p = 1 in Theorem 3.2, we see that the inclusion βα(<1) ⊂ M(Dn,Q1) is strict and best possible. Since
M(Dn,Q1) ⊆ Q1 ⊂ β1, so the inclusion M(Dn,Q1) ⊂ β1 is strict. From the fact that the inclusion βα(<1) ⊂
M(Dn,Q1) is strict, we have the inclusion M(Dn,Q1) ⊂ β1 is best possible. By Theorem 3.8(iii) of [10], we know
Q1 = BMOA. To sum up, it is clear that these inclusions βα(<1) ⊂ M(Dn,BMOA) ⊂ β1 are strict and best possible.
As the same as Corollary 2.1, this is the result about showing the exact location of M(Dn,BMOA) in α-Bloch
spaces.
Theorem 3.3. M(Dτ ,Qp) = Qp for τ > n and n−1n < p  1.
Proof. M(Dτ ,Qp) ⊆ Qp is obvious. It is enough to prove Qp ⊆ M(Dτ ,Qp) for τ > n and n−1n < p  1.(1) n < τ < n+ 2.
sup
a∈B
∫
B
∣∣R(ϕf )(z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z)
= sup
a∈B
∫
B
∣∣(fRϕ + ϕRf )(z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z)
 2 sup
a∈B
∫
B
∣∣f (z)∣∣2∣∣Rϕ(z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z)
+ 2 sup
a∈B
∫
B
∣∣ϕ(z)∣∣2∣∣Rf (z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z)
= I1 + I2.
Similar to the proof of Theorem 2.3, using supa∈B in place of lim|a|→1, we can prove that I1 < ∞ and I2 < ∞. Thus
sup
a∈B
∫
B
∣∣R(ϕf )(z)∣∣2(1 − |z|2)1−n(1 − ∣∣ϕa(z)∣∣2)np dv(z) < ∞.
By Theorem 3.2 of [8], we get ϕf ∈ Qp . Thus M(Dτ ,Qp) = Qp for n < τ < n+ 2 and n−1n < p  1.(2) τ  n+ 2.
Since Dτn+2 ⊆ Dn<τ<n+2, we can obtain Qp = M(Dn<τ<n+2,Qp) ⊆ M(Dτn+2,Qp) ⊆ Qp by (1). So
M(Dτ ,Qp) = Qp for τ  n+ 2 and n−1n < p  1.
Combining (1) with (2), we have M(Dτ ,Qp) = Qp for any n−1n < p  1 when τ > n. 
Corollary 3.2. M(Dτ ,BMOA) = BMOA for τ > n.
It suffices to take p = 1 in Theorem 3.3, since Q1 = BMOA.
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